Abstract. Traditionally, balloon-based radiosonde soundings are used to study the spatial distribution of atmospheric water vapour. However, this approach cannot be frequently employed due to its high cost. In contrast, GPS tomography technique can obtain water vapour in a high temporal resolution. In the tomography technique, an iterative or non-iterative reconstruction algorithm is usually utilised to overcome rank deficiency of observation equations for water vapour inversion. However, the single iterative or noniterative reconstruction algorithm has their limitations. For instance, the iterative reconstruction algorithm requires accurate initial values of water vapour while the non-iterative reconstruction algorithm needs proper constraint conditions. To overcome these drawbacks, we present a combined iterative and non-iterative reconstruction approach for the threedimensional (3-D) water vapour inversion using GPS observations and COSMIC profiles. In this approach, the noniterative reconstruction algorithm is first used to estimate water vapour density based on a priori water vapour information derived from COSMIC radio occultation data. The estimates are then employed as initial values in the iterative reconstruction algorithm. The largest advantage of this approach is that precise initial values of water vapour density that are essential in the iterative reconstruction algorithm can be obtained. This combined reconstruction algorithm (CRA) is evaluated using 10-day GPS observations in Hong Kong and COSMIC profiles. The test results indicate that the water vapor accuracy from CRA is 16 and 14 % higher than that of iterative and non-iterative reconstruction approaches, respectively. In addition, the tomography results obtained from the CRA are further validated using radiosonde data. Results indicate that water vapour densities derived from the CRA agree with radiosonde results very well at altitudes above 2.5 km. The average RMS value of their differences above 2.5 km is 0.44 g m −3 .
Introduction
When GPS signals propagate through the troposphere, they experience a distance delay, which is usually called tropospheric delay. The zenith troposphere delay (ZTD) is one of the most important error sources in the GPS signal propagation (Kouba and Héroux, 2001) . It contains two parts, namely zenith hydrostatic delay (ZHD) and zenith wet delay (ZWD) (Davis et al., 1985) . Since the latter is related to atmosphere water vapour, the distribution of water vapour can be derived from ZWD as long as the ZWD is known. The ZWD is usually obtained by removing ZHD from ZTD that can be estimated using the precise point positioning (PPP) technique (Zumberge et al., 1997; Kouba and Héroux, 2001) or differential positioning technique (Alber et al., 2000; Braun et al., 2001) . The ZHD can be precisely computed using empirical models such as Saastamoinen model (Saastamoinen, 1972; Davis et al., 1985) .
Generally, GPS signal propagation is subject to the effect of atmospheric anisotropy. Thus, it is more desirable to take the horizontal gradient into account in order to obtain more accurate ZWD (MacMillan, 1995) . The slant troposphere delay (STD) may be expressed in the following equations:
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(1)
where SHD and SWD represent slant hydrostatic delay and slant wet delay, respectively; e and α are the satellite elevation and azimuth angles, respectively; G N and G E are the atmospheric horizontal gradient parameters in the northern and eastern directions, respectively; C is a constant and its value is set to 0.003 (Chen and Herring, 1997) . The SHD and SWD may be projected to ZHD and ZWD using a Niell mapping function (Niell, 1996) . We used the PPP technique to acquire the ZWD in this study rather than the differential technique. Applying Eqs. (1) and (2), the ZWD can be obtained in PPP solutions (Kouba and Héroux, 2001 ). Based on the ZWD, the SWD can be calculated using the Niell mapping function (Niell, 1996) . After the SWD is obtained, the slant water vapour (SWV) can be computed by a transforming factor (Song, 2004) :
where is the conversion factor that is geographically dependent and varies from location to location. It is a dimensionless quantity and a value of 0.1538 (Shi and Gao, 2009) has been used in this study. The SWV will be employed as input data in the tomography of atmospheric water vapour, as presented in the following sections. The computerised tomography (CT) technology was first applied to ionosphere by Austen et al. (1986) to reconstruct ionospheric electron density distribution in the vertical direction. Flores et al. (2000) successfully obtained fourdimensional (4-D) graphics of the tropospheric refractivity using the tomographic techniques. Since then, GPS water vapour tomography has attracted increasing interest in applications such as climate simulation and natural disaster (Jacob et al., 2007; Falconer et al., 2009) . Most importantly, it can be assimilated into numerical weather prediction (NWP) models since it can provide three-dimensional (3-D) distribution of water vapour contents in a high temporal and spatial resolution. Traditionally, the balloon-based radiosonde sounding was employed to obtain water vapour vertical structure in the NWP (Brettle and Galvin, 2003) . However, the balloon sounding is highly costly because the balloon cannot be recycled. The 3-D water vapour tomography technique has been widely investigated and significant progresses have been made in recent years. Bender et al. (2011) discussed different implementations of the iterative algebraic reconstruction techniques (ART) and concluded that the multiplicative techniques provide the best results with least processing time. Brenot et al. (2012) exploited horizontal gradients of tropospheric delays to improve horizontal and vertical resolution of water vapour density retrieved by the tomographic method. Rohm (2012) presented a methodology to derive the uncertainty of water vapour partial pressure. An unconstrained tomography approach was also proposed by Rohm (2013) .
In the tomographic approach, the observation equation is ill-conditioned as satellite signals do not pass through all voxels, causing the non-uniqueness of the tomography solutions. In order to solve this issue, a variety of reconstruction algorithms have been developed. They may be generally grouped into two categories. One is the iterative reconstruction technique (IRT) such as the algebraic reconstruction techniques (ART) (Wen et al., 2010; Bender et al., 2011) , the multiplicative algebraic reconstruction techniques (MART) (Stolle et al., 2006; Jin et al., 2008) and the simultaneous iterative reconstruction techniques (SIRT) . Another is the non-iterative reconstruction technique (NIRT) such as the singular value decomposition technique (SVD) (Flores et al., 2000; Champollion et al., 2005; Notarpietro et al., 2011) . In addition, the Kalman filtering (Nilsson and Gradinarsky, 2006) and parameterized approaches (Perler et al., 2011) have also been applied to water vapour tomography. In the NIRT, some constraint conditions such as the horizontal smoothing, vertical smoothing and boundary conditions are usually introduced to overcome the problem of rank deficiency in observation equations. As a result, the accuracy of water vapor estimates is influenced since the constraint conditions cannot truthfully satisfy the practical situation. As for IRT, the voxel values cannot be updated when no rays pass through the voxels. As a result, these voxels still remain their initial status after iterations. Thus, the accuracy of IRT solutions is largely dependent on the initial values. In view of these disadvantages, Notarpietro et al. (2011) jointly used the SIRT-based iterative reconstruction algorithm and the non-iterative reconstruction algorithm with regularisation constraint conditions and non-negative boundary conditions for 3-D troposphere tomography.
We propose a GNSS troposphere tomography based on two steps (non-iterative and iterative reconstructions) using ground-based GPS observations and space-based COS-MIC (The Constellation Observing System for Meteorology, Ionosphere and Climate) profiles. In the first step, the noniterative reconstruction is performed in which a priori values of water vapour densities are derived from the COSMIC profiles. In the second step, the iterative reconstruction algorithm is performed using the solutions from the first step as initial values. Instead of using the conventional ART algorithm, we present an improved ART algorithm that can significantly expedite the convergence of iterative process. The use of COSMIC occultation data helps improve the accuracy of the non-iterative reconstruction. The algorithm is tested using 10 days of GPS datasets collected from the Hong Kong Satellite Positioning Reference Station Network (SatRef). The results demonstrate higher accuracy than those using a single reconstruction algorithm. The tomography results are further validated using radiosonde data.
Tomographic algorithm
A combined non-iterative and iterative reconstruction approach for 3-D troposphere tomography is presented in this section. Firstly, the non-iterative reconstruction technique (NIRT) is introduced. Secondly, an improved algebraic reconstruction technique (IART) is proposed. Subsequently, a combined non-iterative and iterative reconstruction approach is proposed using GPS observations and COSMIC profiles.
Non-iterative reconstruction technique (NIRT)
The NIRT is firstly applied to the troposphere tomography in Flores et al. (2000) and its observation model can be expressed as:
where S q i,j,k is the length that GPS rays span the voxel; the superscript "q" is the satellite index; SWV q is the slant water vapour for the "q" satellite; The subscript "i, j, k" is the index of voxel in 3-D space, whose water vapour density is denoted as ρ i,j,k ; "nl", "nn" and "nh" are the numbers of the voxels in the east-west, north-south and vertical directions along the ray path, respectively. Equation (4) can be expressed in a concise matrix form as:
The matrix "S" is under-determined as some voxels have no passing of satellite rays. Thus, constraints have to be introduced to solve this issue. We use the horizontal constraints as provided below (Song, 2004) :
where B is the horizontal smoothing based on Gauss distance weighting function whose principle is that the shorter the distance is, the stronger the correlation is (Song, 2004) ; d i,j is the distance between known and unknown water vapour grids; δ is the smoothing factor and it is empirically set to 10 in this study (Yu et al., 2010) .
In the vertical direction, a pseudo-observation L may be introduced in the following form:
where H is a unit matrix; L is the a priori value of water vapour density. The a priori value can be obtained based on Eq. (9) using the COSMIC occultation data (Song, 2004) .
where u w represents the molar mass of the water vapour; P w is the water vapour partial pressure; R denotes the molar gas constant; T is the atmospheric temperature.
In conjunction with Eqs. (6) and (8), the observation equation for NIRT can be constructed as:
where i (i = 1, 2, 3) denotes the noise. Using Eq. (10), the water vapour density for each voxel can be obtained by applying the singular value decomposition (SVD) (Ruffini et al., 1998) . The detail about the SVD technique may refer to Menke (1989) , Hajj et al. (1994) and Ruffini et al. (1998) .
The SWV values from all valid GPS rays during a period of time are used as input data in Eq. (10). A simple description of this method is provided here. Suppose A is an n × m matrix, it can be decomposed as:
where U is an n × n orthonormal matrix; is an n × m diagonal singular value matrix whose elements are positive, sorting in a descending order; V is an m × m orthogonal matrix of eigenvectors. After applying the decomposition to A, referred to as [S, B, H] T in Eq. (10), the least-squares solution of the water vapour density can be obtained through the generalised inverse:
where
The weight values of observations in the left side of Eq. (10) may be determined using the posterior variance component estimation (VCE) method. Considering that the VCE weighting method will bring additional computational load, we simply use an equal weight scheme since the solutions of the non-iterative reconstruction algorithm are only used as the initial values in the IART.
Improved algebraic reconstruction technique (IART)
The algebraic reconstruction technique (ART) (Gordon et al., 1970) is usually used to solve the ill-posed problem in the 3-D tomography. The ART can be described as:
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where is a relaxation parameter; λ denotes relaxation factor; the superscript "t" represents the tth iteration. It is noted in Eq. (14) that the remains unchanged in the iterative computing process because λ is usually a constant and the vector S i,j,k is also invariable in the iterative process, which will not contribute to increasing the computational efficiency. In order to improve the iterative efficiency, we adaptively adjust the with ρ (t) i,j,k in the iterative process. We therefore propose an improvement for Eq. (14) as:
In this improved ART (IART) method, the relaxation parameter is updated with the water vapour densityρ (t) i,j,k at each iterative step. Our results indicate that the IART can significantly increase the computational efficiency and shorten the convergence time.
Combined non-iterative and iterative reconstructions
A combined non-iterative and iterative reconstruction approach for 3-D troposphere tomography is developed using GPS data and COSMIC profiles. First of all, the non-iterative reconstruction technique (NIRT) is applied to derive the water vapour densities at all the voxels using SWV values obtained from GPS data, pseudo-observations derived from the COSMIC profiles and horizontal constraints. Subsequently, the solutions acquired by the NIRT are further utilised as the initial values in the iterative reconstruction technique (IRT) to improve the reconstruction accuracy. In the IRT, the proposed IART algorithm is adopted since it can shorten the iteration time compared to the ART. The same SWV values are used as observations in the IART. The combined reconstruction algorithm has the advantage of avoiding the difficulty of choosing initial values in the iterative reconstruction algorithm. Moreover, it can improve the inversion accuracy of the water vapour density. We utilised the P 3 software (Gao, 2004 ) to obtain the ZWD using GPS data from the Hong Kong SatRef network.
The software has been developed at the University of Calgary, Canada, for PPP processing. The final precise satellite orbit and 5 min clock corrections from IGS (International GNSS Service) are adopted. The GPS observations have a sampling interval of 5 s but it is down-sampled to an interval of 30 s for PPP processing. Thus, the output resolution of the ZWD is 30 s. Along with the estimation of the ZWD, the ambiguity parameters are handled as float values. Based on the PPP technology, the ZWD estimates have an accuracy of about 8 mm and thereby the corresponding precipitable water vapour (PWV) accuracy is approximately 1 ∼ 2 mm (Kouba and Héroux, 2001 ). Using the P 3 software, PPPderived PWV agrees with IGS PWV at an accuracy level of 1.5 ∼ 2 mm (Tao and Gao, 2007) .
3 Tomography results and analysis
Data collection
The data used in this tomography modelling include groundbased GPS observations and space-based COSMIC profiles. The COSMIC occultation is a joint Taiwan/US science mission for weather, climate, space weather and geodetic research (Yen et al., 2007) . Radio occultation technique has been widely applied for meteorology study (Kursinski et al., 1995; Yen et al., 2010; Anthes et al., 2008) .
COSMIC provides two types of products, namely, postprocessed data and real-time data products. The former is usually available with a six-week latency and the latter is usually available within a few hours (www.cosmic. ucar.edu). We used the post-processed data products in this study. The COSMIC post-processed data products include six types: raw GPS data, orbit determination, atmospheric profiles, total electron content and ionospheric profiles, scintillations, and tiny ionospheric photometer. Shi et al. (2009) compared the differences between COSMIC Radio Occultation (RO) derived PWV and PPP-inferred PWV and concluded that they are at a comparable accuracy level. Besides, Kishore et al. (2011) made a comparison of specific humidity between COSMIC and radiosonde data. Results indicate a good correlation (∼ 0.8) up to the altitude of 8 km and suggest that the COSMIC specific humidity profiles are reliable up to 8 km. Wang et al. (2013) compared COSMIC and radiosonde data and revealed that they agreed well with each other. The global mean temperature bias was −0.09 K and the global mean humidity bias in the pressure range of 925-200 hPa is −0.12 g kg −1 .
As one type of COSMIC post-processed data products, the "wetPrf" atmospheric profiles offer "wet" pressure, temperature, refractivity and water vapour information. The ground-based GPS slant water vapour data are derived from the Hong Kong SatRef network. A total number of 12 continuously operating reference stations, covering an area of approximately 1100 square km, are shown in Fig. 2 . The type of receivers employed at all 12 stations is "LEICA GRX1200 + GNSS". These stations are evenly distributed. The GPS data and meteorological data associated with each GPS station are freely available for public access (https://www.geodetic.gov.hk/). The interval of observation data is 5 s and the interval of meteorological data is 60 s. In the computation of SWV using GPS data, the GPS observations are decimated at an interval of 30 s and the satellite elevation mask angle is set to 10 degrees.
To verify the effectiveness of the combined reconstruction technique, GPS datasets on 10 days were collected at the time when COSMIC RO events occurred in Hong Kong or near Hong Kong. These COSMIC RO events are given in Ta- ble 1. We examined the quality flag that is included in the wetPrf files. The quality flag in all the ten wetPrf files indicated "bad = 0", suggesting that these profiles passed quality control successfully.
Validation of improved algebraic reconstruction technique
In order to demonstrate the advantage of the improved algebraic reconstruction technique (IART), four RO datasets were processed using the ART and IART algorithms, respectively. (Wang and Wang, 2011) . Wang and Wang (2011) searched the relaxation factor in a range of 0 to 1 and concluded that the best relaxation factor is 0.008. Suppose T is the RMS (Root Mean Square) of the differences between SWV and (S · ρ) at the tth iteration, the iteration terminates when the difference of the T values between tth and (t +1)th iterations is smaller than 0.001 mm. Figure 3 illustrates the SWV residuals for the IART and ART algorithms. Figure 4 shows the RMS values of SWV residuals for different number of iterations using the IART and ART algorithms. In Fig. 3 , the average RMS of the SWV residuals is 0.4 mm for both the IART and ART on the four days. In Fig. 4 , the average iterative number is 47 for the IART whereas the average iterative number is 71 for the ART on the four days, following the iterative termination condition. It is clear that IART can significantly improve the convergence rate of the iterative process. We therefore used the IART rather than the ART in the iterative reconstruction of the troposphere tomography. water vapor (SWV) residuals using GPS data on four days in Hong Kong for IART and ART. 
P. Xia et al.: GNSS troposphere tomography based on two-step reconstructions

Grid division in Hong Kong
The division of horizontal grids is displayed in Fig. 5 . The grid's resolutions in longitude and latitude directions are 0.0625 • and 0.0600 • , respectively. The entire Hong Kong area is divided into 8 and 5 grids in the longitude and latitude directions, respectively. The interval of vertical grids is set to 500 m. As the height of troposphere is approximately 10 km, there are 20 layers in the vertical direction. As a result, the total number of voxels in the 3-D space is 8 × 5 × 20 = 800. Figure 5 shows the grid distribution covering the Hong Kong SatRef network region. There are several stations such as HKNP, HKMW, HKOH, HKFN and HKWS, which are very close to the edge of the investigated area. As a result, some GPS rays at these stations are likely not to pass through the top grids from the top faces. The observations from these rays may destroy the stability of the tomography model and therefore they are discarded in the tomography computation.
GPS tomographic results and analysis
GPS datasets at 12 stations on 10 days were processed using the P 3 software to obtain the ZWD. The ZWD is then projected to the SWD using the Niell mapping function. By applying the Eq. (3), the epoch-by-epoch SWV is obtained at the 12 stations. In the computation of non-iterative reconstruction, Eq. (9) is applied to obtain the a priori value of water vapour density using the COSMIC RO data, which is then used as "pseudo-observations" in Eq. (10). Through singular value decomposition, the least-squares solutions of the water vapour density are obtained, as shown in Eq. (12). The estimated solutions of the water vapour density in the noniterative reconstruction are further employed as initial values in the IART. Applying Eqs. (13) and (15), the solutions of the water vapour density are obtained. In the reconstruction computation, the station HKWS is excluded and it is reserved to evaluate the accuracy of the tomography using datasets from other 11 stations.
Considering the temporal variability of water vapour, only SWV that are during half an hour prior to the COSMIC radio occultation events, are used in the troposphere tomography. Therefore, the time resolution of the tomography results is 30 min. The spatial resolution is dependent on the size of the voxel. Figures 6 and 7 demonstrate the tomography results of water vapour based on the combined non-iterative and iterative reconstruction algorithm at four different longitudes on 20 March 2012 and 23 July 2012, respectively. Figures 6 and 7 describe the water vapour density changes at different latitudes and longitudes. Figure 8 shows the 3-D distribution of water vapour density with a height interval of 500 m. These figures show that the water vapour density remains stable above 5 km whereas it changes significantly below 5 km. Furthermore, the water vapour density is over 6 g m −3 for the height between 2 km and 5.5 km on 23 July 2012. By contrast, the water vapour density on 20 March 2012 is mainly concentrated below 3 km. It is noted that the weather conditions were different for the two In order to test the accuracy of the combined reconstruction algorithm, we compared the RMS statistics of SWV differences using IART, NIRT and CRA, respectively. The SWV differences are the discrepancies between the SWV derived from PPP, which is used as a reference, and the SWV derived from tomography.
There is one radiosonde station in the Hong Kong region. The radiosonde is carried aloft once every 12 h in Hong Kong, and the sensors on the radiosonde measure profiles of pressure, temperature and relative humidity. Using the information provided by radiosonde, we obtained the a priori values of water vapour density. For comparison purpose, we used radiosonde and COSMIC RO data to obtain the a priori information, respectively, to assess the effect of different a priori information on the performance of combined reconstruction algorithm. A total of 10-day GPS data, radiosonde and COSMIC RO data are processed. As stated before, the dataset at the station HKWS is used to evaluate the accuracy of the tomography. The RMS statistical results for the 10 days are listed in Tables 2 and 3, respectively. According to the statistical results in the fourth columns of Tables 2 and 3, the mean RMS values of the 10 days is 4.19 and 3.41 mm for the two cases when the a priori information from the radiosonde data and COSMIC RO data are used, respectively. In Table 2 , the CRA improves the accuracy by 20 and 11 %, compared to the IART and NIRT, respectively. In Table 3 , the CRA improves the accuracy by 16 and 14 %, in contrast to the IART and NIRT, respectively. As can be seen from Tables 2 and 3, the CRA approach outperforms the IART and NIRT for all 10 days but one on 30 July 2012. In order to examine the reason, Table 4 provides the number of all GPS signal rays, number of valid GPS rays, and number of voxels that have valid GPS rays penetrated through during a period of 30 min. It is noticed that the numbers of valid GPS rays and ray-penetration voxels on 30 July 2012 were much less than other days. As a result, the tomography accuracy using the NIRT is much lower, which in turn affects the tomography accuracy using the CRA algorithm. This suggests that the CRA accuracy is dependent on the quality of the noniterative reconstruction solutions. Comparing Table 2 with  Table 3 , it is found that COSMIC RO data are more preferable to the radiosonde in most cases as a priori values of water vapour density. Due to the differences in space for the RO event and the investigated area, the a priori values derived from RO data are not always better than those acquired by the radiosonde data, such as the days on 17 February and 1 July 2012. Although the COSMIC RO data contribute to improving the accuracy of tomography results, the currently available data still have a very low temporal and spatial resolution, which restricts its practical applications. However, with the advent of the second generation COSMIC occultation and the availability of other RO data in near future, this situation will be improved. The tomography results shown in Fig. 8 are further validated by the vertical water vapour density derived from radiosonde data. The location of the radiosonde station is latitude 22.31 • and longitude 114.16 • . Based on the measurements provided by radiosonde such as pressure, temperature, and relative humidity, the water vapour density values are obtained in different altitudes by linear interpolation. The water vapour density values are then used to evaluate those tomography-derived results using GPS observations and COSMIC profiles. Their comparison results on four days are shown in Fig. 9 .
It can be seen that the changing trends of water vapour density at heights above 2.5 km between tomography-derived and radiosonde-derived results have a very good agreement. The RMS value of their differences above 2.5 km is better than 0.5 g m −3 on four days. Larger differences occur at heights below 2.5 km. This is because, on one hand, the tomography inversion and radiosonde data are different in time.
As the COSMIC profiles are needed to obtain a priori information in tomography, the tomographic modeling is carried out only when COSMIC radio occultation occurs. The radio occultation occurrence time is usually different from radiosonde launch time. On the other hand, the a priori information derived from the COSMIC radio occultation profiles has lower accuracy in the bottom layer of atmosphere. Table 5 provides the RMS of differences between tomographyderived and radiosonde-derived water vapour densities in three different heights on all the ten days. In terms of the statistical results in Table 5 , the average RMS of the differences is 1.78 g m −3 below 2.5 km and 0.44 g m −3 above 2.5 km, which again confirms that the tomography-derived water vapour densities agree well with ones derived from radiosonde above 2.5 km.
Conclusions
A combined non-iterative and iterative reconstruction algorithm (CRA) for water vapour tomography is presented. In the CRA, the water vapour density is obtained following two steps. First, the water vapour density is computed using the NIRT (non-iterative reconstruction technique). Then, the computed values are employed as initial values for the IRT (iterative reconstruction technique) to improve the tomography accuracy. In the IRT, we propose an improved algebraic reconstruction technique (IART), which can significantly reduce the number of iterations and improve the computational efficiency.
We use the precise point positioning (PPP) technique to obtain the tropospheric zenith wet delay (ZWD) from ground-based GPS data. Then it is projected to slant wet delay (SWD) using the elevation angle information of GPS rays. The SWD is further converted into slant water vapour (SWV) using a transforming factor. The space-based COS-MIC profiles are used to derive the water vapour density, which is utilised as the a priori information in the NIRT computation.
The 10-day GPS datasets collected from Hong Kong SatRef GPS network and COSMIC occultation products are used to test the proposed approach. The test results demonstrate that the CRA can significantly improve the tomography accuracy over IART and NIRT alone. The improvement rates are 16 and 14 % in contrast to IART and NIRT approach, respectively. The tomography results based on the CRA algorithm are further validated using ten-day radiosonde data. Results indicate that the water vapour densities above the height of 2.5 km derived by the tomography have a good agreement with radiosonde results, with an average RMS of 0.44 g m −3 . The water vapour density agreement below the altitude 2.5 km has an average RMS value of 1.78 g m −3 , largely depending on the data quality used for tomography modeling.
